Caculus of Variation and the L 2 -Bergman Metric on 

Teichmiiller Space 

Zheng Huang 
Abstract 

The canonical metric on a surface is of nonpositive curvature, so it is 
natural to study harmonic maps between canonical metrics on a surface 
in a fixed homotopy class. Through this approach, we establish the L 2 - 
Bergman metric on Teichmiiller space as the second variation of energy 
functionals of chosen families of harmonic maps. 
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1 Introduction 

We present a geometric analytic approach to the L 2 -Bergman metric on Te- 
ichmiiller space of Riemann surfaces in this paper. 

Teichmiiller space T g is the space of conformal structures on a compact, 
smooth, oriented, closed Riemann surface S of genus g > 1, where two confor- 
mal structures a and p are equivalent if there is a biholomorphic map between 
(£,<r) and in the homotopy class of the identity map. When g > 2, 
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Teichmiiller space T g is naturally a complex manifold of complex dimension 
3g — 3 > 1, and the cotangent space at £ is identified with QD(L), the space 
of holomorphic quadratic differentials. (EQ). 

Since T g is a complex manifold, it is natural to study its metric geometry. 
There are several interesting metrics defined on Teichmiiller space, all have 
advantages and disadvantages. These metrics reflect different perspectives of 
Teichmiiller space. Among those metrics, two are named after S. Bergman. 
One of which, we still call it the Bergman metric, comes from the Bergman 
kernel function of a complex manifold: as a bounded complex domain T g 
carries an invariant Kahlerian Bergman metric, defined by the line element 



where K(z,() is the Bergman kernel. This Bergman metric is complete ((HI)- 
The main object of this paper is the other metric which sometimes bears 
the name of Bergman. It is a Weil-Petersson type metric on Teichmiiller space, 
i.e., it is obtained from duality by a 1? inner product. In order to distinguish 
from the first Bergman metric, it may be appropriate to call this metric the 
L 2 -Bergman metric. 

From the classical Riemann surface theory, the period map p : £ — » Js 
embeds the surface £ to its Jacobian Js. The pullback metric of the flat 
metric on via this period map thus defines the so-called canonical metric 
or Bergman metric on S, denoted by ps- This metric pb is of nonpositive 
Gaussian curvature, and when g > 2, the curvature vanishes if and only if the 
surface is hyperelliptic and only at 2g + 2 Weierstrass points ([£] J2]), in other 
words, the Gaussian curvatures characterize hyperelliptic surfaces. There is a 
unique canonical metric in every conformal structure. 

The induced L 2 -Bergman cometric is defined on QD(T,) by L 2 -norm 



thus we obtain a metric on Teichmiiller space by duality. This is a Riemannian, 
Hermitian metric, invariant under the mapping class group. 

This metric has been studied by Haberman and Jost who showed that 
it is incomplete ([ZJ- Roughly speaking, with respect to the L 2 -Bergman 
metric, boundary points of the moduli space M g corresponding to pinching a 
nonseparating curve on the surface are at infinite distance from the interior, 
while boundary points of M g corresponding to pinching a separating curve on 
the surface are at finite distance from the interior. In a sense, the L 2 -Bergman 
metric detects topology of the surface. 

One of the motivations of this study is to compare the L 2 -Bergman metric 
with more intensively studied Weil-Petersson metric. These two metrics are 
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both defined from duality from L? inner products, and they are both incom- 
plete. However, the L 2 -Bergman metric does not depend on the uniformiza- 
tion theorem. The difference between hyperbolic metric (constant curvature 

— 1) and the canonical metric on the surface results in different behavior of the 
induced I? metrics on Teichmiiller space. The Weil-Petersson metric is of neg- 
ative curvature ( HB1)> we are yet to understand the curvature properties 
of the L 2 -Bergman metric. 

In this paper, we take a variational approach to the study of the L 2 - 
Bergman metric. To do so, we fix a conformal structure (a, z) with conformal 
coordinates z. For each canonical metric p on the surface E, one obtains 
a quadratic differential 4>(z)dz 2 which is the Hopf differential of the unique 
harmonic map from a to p. This quadratic differential is holomorphic with 
respect to the conformal structure (cr,z), therefore an element of the space 
QD[Ti). We thus obtain a map <j> between Teichmiiller space T g and QD(H), 
sending p to <p(z)dz 2 . We show that this map is a global homeomorphism, 
hence it provides global coordinates to T g . The following theorem is an analog 
to Wolf's theorem in the case of hyperbolic metrics (|17j). 

Theorem 1.1. The map <j) : T g — > QD(T,) is a homemorphism. 

We note that, in the case of hyperbolic metrics, the injectivity of the map 
is a direct application of Bochner's identities and maximum principle, as 
seen in |13| , relying on the fact that hyperbolic metric is of constant curvature 

— 1. In the case of canonical metrics, this is rather difficult since canonical 
metric has varied curvatures. 

With the homeomorphism theorem in mind, we then consider a family 
of harmonic maps between canonical metrics on a surface and show that the 
second variation of an energy functional is the L 2 -Bergman metric of two 
infinitesimal cotangent vectors on Teichmiiller space. In the case of varying 
target metrics, we find: 

Theorem 1.2. Let w(t) : (E, a(z)\dz\ 2 ) — > (E, p(t)\dw\ 2 ) be a family of har- 
monic maps between canonical metrics on surface E, where p(0) = a, for 
\t\ < e small. Then the second variation of the energy functional of w(t), 
at t = 0, is given by the L 2 -Bergman metric of infinitesimal holomorphic 
quadratic differentials (up to a constant). 

Similar result holds in the case of varying domain metrics: 

Theorem 1.3. Let w{s) : (E, <r(s)) — * (E, p) be a family of harmonic maps 
between canonical metrics on surface E, where cr(0) = p, for \s\ < e small. 
Then the second variation of the energy functional of w{t), at t = 0, is given 
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by the L 2 -Bergman metric of infinitesimal holomorphic quadratic differentials 
(up to a constant). 

This paper is organized as follows. We introduce the preliminaries in 
section 2, then prove the homeomorphism theorem 1.1 in section 3. Section 
Four is devoted to a variational approach to the study of the L 2 -Bergman 
metric, where we prove theorem 1.2 (varying the target metric) in §4.1 and 
theorem 1.3 (varying the domain metric) in §4.2. 

The author owes a great debt to, and wishes to thank, Xiaodong Wang 
and Mike Wolf for helpful discussions over the topic. 

2 Preliminaries 

On a compact Riemann surface £ of genus g > 1, the dimension of the space 
of Abelian differentials of the first kind, or holomorphic one forms, is g. There 
is a natural pairing of Abelian differentials defined on this space: 

< fj,,v >= f^fj.Au 

Let {ui,u)2,' •■ i^g} be a basis of Abelian differentials, normalized with re- 
spect to the ^4-cycles of some symplectic homology basis {Aj, -Bj}i<i< g , i.e., 
J A , coj = 5{j. Thus the period matrix = J B ujj. One finds that, since not 
all Abelian differentials vanish at the same point according to Riemann-Roch, 
the period matrix is then symmetric with positive definite imaginary part: 
ImVLij =<uj,i,ujj > ( 5 ). 

The canonical metric ps on surface X is the metric associated to the (1,1) 
form given by 

It is not hard to see that this metric is the pull-back of the Euclidean 
metric from the Jacobian variety </(£) via the period map ( 5 ). 

Remark 2.1. It is easy to see that the area of the surface £ with respect to 
the canonical metric is a constant, i.e., J-^Pb = 9- Sometimes the canonical 
metric is also refered to ^ to unify the surface area. 

It is known that, when g > 2, the Gaussian curvature K c satisfies K c < 
(0) an d K c (jp) = for some p G S if and only if S is hyperelliptic and 

p is one of the 2g + 2 classical Weierstrass points of S (|12j). 
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The Weil-Petersson cometric on Teichmiiller space is denned on the space 
of holomorphic quadratic differentials QDiTi) by the L 2 -norm: 

U\\ 2 wp= [ —dzdz (1) 

where o~\dz\ 2 is the hyperbolic metric on X. By duality, we obtain a Rieman- 
nian metric on the tangent space of T g . 

The L 2 -Bergman metric on T g is similarly defined by duality from the 
L 2 -norm 

u\\l = k l £- 

We now introduce harmonic maps between canonical metrics on a surface 
as much of our analysis will focus on the techniques of harmonic maps. 

For a Lipschitz map w : (£, cr | c?2r | 2 ) — > (X, p\dw\ 2 ), where o~\dz\ 2 and p\dw\ 2 
are metrics on X, and z and w are conformal coordinates on X, one follows 
some notations of Sampson (^3]) to define 

H{z) = ^\ Wz \ 2 ,C{z) = ^\w- z \ 2 . 

Then the energy density of w is simply e(w) = TL + C, and the total energy is 
then given by 

E(w,a,p) = Jj,ea\dz\ 2 , 

which depends on the target metric and conformal structure of the domain. 
The map w is called harmonic if it is a critical point of this energy functional, 
i.e., it satisfies Euler-Lagrange equation: 

W Z z + PfWzWzz = 0. 

The (2, 0) part of the pullback w*p is the so-called Hopf differential: 

4>(z)dz 2 = (w*p)( 2 ' ^ = pw z w z dz 2 . 

It is routine to check that w is harmonic if and only if cftdz 2 £ QD(T,), and w 
is conformal if and only if 4> = 0. 
One also finds that 

H(z)C{z) = — = — (2) 
and the Jacobian functional is J(z) = TC(z) — £(z). 
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Now assume both a and p are canonical metrics on surface E (then they 
represent two different conformal structures unless they are biholomorphic) . 
Since the target surface (E, p) has negative Gaussian curvatures almost every- 
where, with possibly finitely many flat points, the classical theory of harmonic 
maps guarantees that there is a unique harmonic map w : (E,c) — ► (E,p) in 
the homotopy class of the identity, moreover, this map w is a diffeoemorphism 
with J > and H > ([2], 0, [13], [13, [SI, [II])- 

3 A Homeomorphism 

The method of harmonic maps has been a great computational tool in Te- 
ichmiiller theory (see jlUj 'l . In the case of hyperbolic metrics on a compact 
Riemann surface, the second variation of the energy of the harmonic map 
w = w(a,p), with respect to the domain metric a (or target metric p) at 
a = p, yields the Weil-Petersson metric on T g EZ])- m our case °f 

canonical metrics on a Riemann surface, we prove a homeomorphism theo- 
rem, the theorem 1.1, to link Teichmiiller space of canonical metrics to the 
space QD(T,). 

To define this map, we fix a point a in Teichmiiller space, with confor- 
mal coordinates z. Thus a is a conformal structure on surface E. For each 
canonical metric p on E, we obtain the unique harmonic map w(o~, p) in the 
homotopy class of the identity map, since p is of nonpositive curvature, with 
only possibly finitely many flat points on E. The associated Hopf differential 
of the harmonic map w(a 1 p) is then given by 4>(z)dz 2 = p(w(z))w z w z dz 2 . 
Therefore the map (f> : T g — > QD(Y>) which sends p to (f)(z)dz 2 is well defined. 

Remark 3.1. Sampson considered this map in the case that of hyperbolic 
metrics (' L 13]), and showed that it is continuous and one-to-one. Later Wolf 
showed the map is actually a homeomorphism The condition of con- 

stant Gaussian curvature of hyperbolic metric is essential in the argument of 
proving this map is injective. 

We start with a technical lemma, which is only slightly different than the 
case of hyperbolic metrics, as shown in [Ej- For Hopf differential <f> corre- 
sponding to metric p, we define = J* E \<p\dzdz. We need to show ||<^>|| is 
approximately the total energy of the harmonic map hi in a large scale, i.e., 

Lemma 3.2. — > oo if and only if E(p) — > oo 

Proof. This harmonic map w(z) is naturally quasiconformal, and we write its 
Beltrami differential as v = — , and \u\ < 1. 



6 



We abuse our notation to write a as the domain canonical metric, and 
dA = o~(z)dzdz is the area element of the domain surface. Recall from section 
two, we have density functions TC(z) = \ wz\ 2 and C(z) = \ wz\ 2 - 

The total energy is E{p) = jj,(7i(z) + C(z))dA, and the Jacobian determinant 
of the map is J{z) = H(z) - C(z). Note that H{z) > C(z) > 0. 

It is not hard to see that 

|0| 2 = a 2 H£, and \u\ 2 = £ < 1. 
Therefore, we now have 

\\cf>\\ = [ \<j)\dzdz= [ H\v\odzdz 

= I H\v\dA < I HdA 
Jt, is 

< J (H + £)dA = E(p). 

For the opposite direction, we find C < VHC since C <H, and therefore, 

E(p) = I {H + C)dA= I J(z)dA + 2 f CdA 

< Area{Y>, a) + 2 J VTiZdA 

= g + 2 [ \^dA = g + 2U\\. 

Here we used the fact that Area(E, a) = g, as pointed out in remark 2.1. This 
completes the proof of the lemma. □ 

We now start to prove the homeomorphism theorem. 

Proof. (Proof of theorem 1.1): It is clear that this map is continuous because 
of the uniqueness of harmonic map w in the homotopy class of the identity 
map. We want to show this map is a local diffeoemorphism and proper. 

We firstly notice that the map 4> is a local diffeomorphism. To see this, 
we consider a sufficiently small neighborhood of a and a family of harmonic 
maps w(t) : (S,cr) — > (T,,p(t)) between canonical metrics near t = 0, where 
p(t) is a family of canonical metrics with p(0) = a. It is easy to see that 
w(0) = z, the identity map. Associated Hopf differentials of this family are 
given by 4>{t)dz 2 = p(t)w z (t)w z (t)dz 2 with 4>(0) = 0. we take t-derivative on 
<p(t) at t = to find that 
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^f) | t=0 = P (oK(o)^|tM) = <^k=o- 

This shows that d ^ \t=o is conformal, provided that | t=o = 0. So the 
map d</> is nonsingular, and eft is a local diffeomorphism by applying inverse 
function theorem. 

We then apply a slightly rearranged argument of Wolf ( ) (on hyperbolic 
metrics) to show map <f> is proper. 

Given that T g and QD(T,) are finite dimensional spaces, and from lemma 
3.2, it suffices to show the energy function E(p) is a proper map from Te- 
ichmiiller space to !R (see theorem 2.7.1, [2]). In other words, we need to show 
the set B = {p £ T g : E{p) < K} is a compact subset of T g . Without loss of 
generality, we assume id : (X, a) — ► (E, p) is harmonic, or we can choose w* p 
to represent the equivalency class [p]. 

Consider a geodesic ball B(xo,S) for some x$ in domain surface (S,cr), 
where positive constant 5 < min{l, mjo-(E) 2 }, where inj a (T,) is the injectivity 
radius of S with respect to the metric a. Notice that a harmonic map between 
surfaces does not depend on the choice of metrics on the domain, but on the 
choice of conformal structures of the domain surface. Therefore, we can choose 
a to be hyperbolic in this argument, and then introduce polar coordinates 
(r, 9) in the hyperbolic disk B(xo,5) so that a = dr 2 + sinh 2 (r)d8 2 . 

For r < y/S < 1, we have sinh(r) < 2r and then 

fVS _dr_ > 1 fVS dr _ U] oa X\ 

JS sinh(r) ^ 2 U r ~ 

Now considering the annulus A(xq) = A(xq, 5, \/S) centered at xq of inner 
and outer radii 5 and y/6, respectively, in domain metric a, we apply the upper 
bound of the energy to find 

A(x ) 90 p sinh(r) J J A{x Q ) dr p smh 2 (r) 89 p 

< 2 / e{z)dA = 2E{p) < 2K. 

Thus there exists 5 < r < \/S such that 

C 27T \\JL\\2ja <r SK 
Jo WdeWp aa — \logS\- 

For this r and two points X3 and X4 on the boundary of the disk B a (xo,r), 
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and two points x\ and x 2 in B a (xo, 5), we now have, 



d p (w(xi),w(x 2 )) = d p (xi,x 2 ) < d p (x 3 ,X4 
~ Jo ll d0 



2tt 

dB < 2vr 



< 



4V2Ktt 




\logS\ 



Applying the Courant-Lebesgue lemma, we conclude that the energy E{p) is 
proper, hence so is map (f>. 

We have showed that the map is a proper local diffeomorphism between 
Teichmiiller space and QDiT,). It is clear that T g is path-connected and 
Q-D(S) is a simply connected Hausdorff space. Standard theory of covering 
map between manifolds implies such a local homeomorphism is actually a 
global homeomorphism. This completes the proof of theorem 1.1. □ 



4 Variations of the Energy 

In the previous section, we showed that the map <f> : T g — ► QD(E) is a home- 
omorphism, thus its inverse map tfi^ 1 provides coordinates for any canoni- 
cal metric p G T g . We will study these coordinates in this section, i.e., we 
apply variational approach to derive the infinitesimal L 2 -Bergman norm on 
Teichmiiller space. We will separate the cases where either target canonical 
metrics are varying or domain canonical metrics are varying, in subsections 
4.1 and 4.2, respectively. 

4.1 Varying the Target 

To prove theorem 1.2, we need to develop some infinitesimal calculations for 
the variation of a harmonic map between canonical metrics. This technique is 
an analog to that of Wolf's on the case of hyperbolic metrics, which plays an 
important role in studying the Weil-Petersson geometry of Teichmiiller space. 

Now we consider a family of harmonic maps w(t) : (£,<r) — ► 
between canonical metrics, where w(t) varies real analyticaly in t for \t\ < e, 
and p(t) is a family of canonical metrics with p(0) = a, therefore w(0) = z. 
Associated Hopf differentials are given by 4>(t)dz 2 = p(t)w z (t)w z (t)dz 2 with 
0(0) = 0. 

For t = (t a ,tP), denote (j) a = ^r\t=o and (fip = ^^|t=o as infinitesimal 
holomorphic quadratic differentials. 
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Recall that the holomorphic and antiholomorphic functions of this family 
of harmonic maps are 

H{t) = *ffi\w,{t)Mt) = ^pK-(t)! 2 . 

We denote 7i a = ^^| t=0 and C a = ^^| t=0 , also C a p = |t=o^(t), and 

we assign similiar meaning for TL a p and E a g. 

We also write K(t) = K(p(t)) = — ^A p logp as the Gaussian curvature of 
the metric p(t), and assign obvious meaning to K a and K a *. Since K(a) < 
and is negative everywhere except possibly finitely many points, it is not hard 
to see that the operator A CT + 2K(a) is invertible on (S,<r), and we denote 
D B = -2(A a + 2K(a)y 1 . 

Lemma 4.1. For this family of harmonic maps w(t), the following holds: 

(i) H(0) = 1 and C(0) = 0; 

(ii) C a = 0,7i a = D B (K a ), and j^H a a = 0; 

(Hi) C a - p = 

(iv) H aB = D B {K a - p ) + D B (K- p D B (K a )) + D B (K a D B (K- p )) 
-D B {K(a)^) - \D B {K{D B {K a )D B (Kp))). 

Proof. (i) This is true since the map w(t) is the identity map at time t = 0. 

(ii) Recalling formula (2): 

H{t)C{t) = *®f& 

we take t-derivative at t = 0, to find that 

H a £(0) + H{0)£ a = ^(°)+/(°)^ , 

The righthand side is zero as (p(0) = 0. Therefore C a = 0. 

We notice that J* s (W(t) — C{t))a = J* E J(t)a = g is independent of the 

parameter t. Therefore 

J s H a a = J E C a a = 0. 
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From standard Bochner identities, we have 

AJogH = 2K(a) -2K(p)(H- £). (3) 
Therefore AJogH(t) = 2K(a) - 2K{p{t)){H{t) - C{t)) and 

= -2K a (H(0) - £(0)) - 2K(p(0))(H a - C a ) 
= -2K a -2K(a)H a . 

We now obtain (A CT + 2K(a))H a = —2K a and then 

H a = -2{A a + 2K{a))- l {K a ) = D B (K a ). 

(hi) To calculate next variation, we consider formula H(t)£(t) = 
again. We hnd 

n a0 c(o) + n c a + n a c + n(o)c a0 = 

Therefore C a0 = 
(iv) We take second i-derivative from (3) to find 

A a (H a - HaHp) = -2K a 0-2K a H0-2KpHa 
- 2K(a)(H a p-£ a p), 

then we obtain that 

(A a + 2K(a))(H a fs) = A{H a Hp)-2K a p-2K a H-p-2K- p Ha 
- 2K(*)(H a0 -£ a0 ). 

Now we apply formulas 7i a = DB(K a ), and Tip = Db(K^), and C a0 = 
^"t to above equation to complete the proof of this lemma. 

□ 

Remark 4.2. It is very interesting to compare our situation with the case 
of varations of a harmonic map between hyms on the surface. If we assume 
all metrics on the surface are hyperbolic with constant Gaussian curvature, 
under the same notations, then we have the following comparison: (i) and 
(Hi) in lemma 4-1 hold; (ii) also holds except furthermore, 7i a = 0, i.e., the 
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holomorphic energy reaches its minimum at time zero; (iv) of the lemma takes 
the form of Tt a p = -D(^f^), where D = — 2(A CT — 2) _1 is a compact, self- 
adjoint operator. Operator Db in (iv) of lemma 4-1 is n °t self-adjoint for 1? 
functions, while —K(o-)Db is, and coincides with operator D when K = — 1. 

We now consider the variations of the corresponding total energy E(t) of 
the family w(t) near t = 0, i.e., we show theorem 1.2 in following equivalent 
form: 

Theorem 4.3. -JL-\ t=0 E(t) = 2 < <t> a ,<t>p > B . 
Proof. The total energy is 

E(t) = J (H(t) + £(t))o- 

= ( (H(t) -£(t))<7 + 2 ( C{t)a 

= / J{t)a + 2 / C{t)a 

= g + 2 J^C(t)a>g, 

since E(0) = g is equal to the area of the surface. Thus E(t) reaches its global 
minimum g at t = from (i) of lemma 4.1. 

From (ii) of lemma 4.1, it is easy to see that t = is a critical point of 
E{t) as 

E a = f s (H a + C a )a = 0. 

and 

= 2 < (j) a ,(t)f3 >B ■ 

□ 

4.2 Varying the Domain 

In this subsection, we consider a family of harmonic maps between fixed target 
metric and varying domain metrics. 
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Again, since the target metric is negatively curved (except possibly finitely 
many flat points) , we have the existence and uniqueness of a harmonic map in 
the homotopy class of the identity, and this map is a diffeomorphism. In other 
words, let w(s) : (E, a(s)\dz\ 2 ) — ► (E, p\dw\ 2 ) be this family of harmonic maps 
near the identity map, where w(s) varies real analytically in s for |s| < e, 
and o~(s) is a family of canonical metrics with cx(0) = p, therefore w(0) = z. 
Associated Hopf differentials are given by (j)(s)dz(s) 2 = pw z (s)w z {s)dz{s) 2 
with 0(0) = 0. 

For s = (s a ,s b ), similar to last subsection, we denote (j) a = 9 ^ \ s =o and 
<Pb = d Qgf > \s=o, and assign similar meanings to H a , and C a i, etc. 

Let K(s) = —^A a / s \loga(s) be the Gaussian curvature of the surface 

(E,ct(s)) and denote K a = 9 ^f } | s =o- Again, since K(p) < and is negative 
everywhere except possibly finitely many points, the operator A p + 2K(p) is 
invertible on (S,p), and we denote D' B = —2(A p + 2K(p))~ l . This operator 
D' B is not self-adjoint for L 2 functions. 

We firstly calculate the variations of these two density functions 7i{s) and 
C(s). It is interesting to notice the difference with the case of varying the 
target showed in lemma 4.1. 

Lemma 4.4. For this family of harmonic maps w(s), the following holds: 



(i) H{0) = 1 andC{0) = 0; 



(ii) L a = 0, H a = - 



D' B {K a ), and J^TCaCr = 0; 



(Hi) £, 



ab 



a- 




H a C(0)+H(0)£, 



4>a4>(0)+<f>(0)(f>a 



+ [ 




}\s= \m\ 2 



and this implies C a = 0, for 0(0) = 0. 

Therefore J" s HaC = / s C a o~ = 0. 

To calculate H a , recalling formula (3): 



A a(s) logH(s) = 2K(a(s)) - 2K(p)(H(s) - C(s)) 
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we find that 

^\ s=0 (A a{s) )logH(0) + A p (H a ) = 2K a - 2K(p)(H a - C a ) 

= 2K a -2K(p){H a ). 
Therefore (A p + 2K(p))(H a ) = 2K a , and so H a = -D' B {K a ). 
(hi) For the second variation of C(s), we have 

C al = H al m + H- b C a + H a C- b + H{Q)C al 
Mb , r a ( 



P + [-^]| s =o[^(O) + ^(O)0 a ] 
+ [^|^]| s =o[^(0) + 0(O)0 6 ] + [1^]| S=O [^( O )0(O)] 



0a 01 
P 2 
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Now we show the equivalent form of theorem 1.3: 
Theorem 4.5. ^^\s=oE(s) = 2 < a , 06 >b- 
Proof. The total energy is now 

£( S ) = jjH(s)+C{s))o-(s) 

= [ J(s)a(s) + 2 [ C(s)a(s) 

= g + 2jc(s)(r(s)>g, 

where E(0) = g reaches the global minimum. 
Together with £(0) = 0, we then find 

E a = 2^\ s=0 [J j: C(s)a(s)}=0, 

and then s = is also a critical point of E(s). 

Now we consider 9 ^ Qsb \ s =oE(s) from lemma 4.4. We apply £(0) = C a 
Ci = to find 

f 4>a<Pb 

Jy, p 2 

= 2 < (p a , (p b > B ■ 
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□ 



Remark 4.6. Teichmiiller space is a complex manifold (when g > 2), so 
it has its own complex structure. For Riemannian metrics on this complex 
manifold, it is ideal that metrics are compatible with the complex structure. 
Ahlfors ([11) showed that the Weil-Petersson metric is Kahlerian. From the 
definition, we know that the L 2 -Bergman metric is an Hermitian metric, yet 
it is unknown if the L 2 -Bergman metric is actually Kahlerian. 
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